In this work we investigate a one-dimensional parity-time (PT)-symmetric magnetic metamaterial consisting of split-ring dimers having gain or loss. Employing a Melnikov analysis we study the existence of localized travelling waves, i.e. homoclinic or heteroclinic solutions. We find conditions under which the homoclinic or heteroclinic orbits persist. Our analytical results are found to be in good agreement with direct numerical computations. For the particular nonlinearity admitting travelling kinks, numerically we observe homoclinic snaking in the bifurcation diagram. The Melnikov analysis yields a good approximation to one of the boundaries of the snaking profile.
: Schematic of a PT-symmetric metamaterial. The separation between SRRs can be modulated according to a binary pattern (i.e., PT dimer chain). The parameters λ M , λ ′ M and λ E , λ ′ E denote the magnetic (subscript M) and electric (subscript E) interactions between the rings. The sketch is adapted from [9] .
interaction, that depends on the distance of the gaps, is not neglected, see Fig.1 . In our case we take the gaps looking at the same direction.
In the equivalent circuit model picture (see, e.g., [13, 15, 16, 17] ), extended for the PT dimer chain, the dynamics of the charge q n in the capacitor of the n-th SRR is governed bÿ
So in the full space R 4 , the system (2.2) has a hyperbolic equilibrium
connected by the homoclinic trajectory (p 1h (z), q 1h (z), p 2h (z), q 2h (z)) = − 3 sech (2.3) To study the persistence of homoclinic type solutions for (2.1), we compute the Melnikov integrals (for higher dimensions Melnikov analysis see [20] , [21] , [22] and [23] ). After introducing real parameters τ 1 , τ 2 determining the position on the homoclinic type orbits, we derive
We see that the above Melnikov functions have the forms
where M i1 are analytic functions with lim η→±∞ M i1 (η) = M i1± exist and M i2 are nonzero constants (see Appendices A and B). Now we pass to η = τ 1 − τ 2 and τ 2 , so we are looking for a simple zero of 
For sin Ωη = 0, i.e., η k = πk Ω for some k ∈ Z, solving (2.5), we obtain
and
Lemma 2.1. A simple root η of (2.7) with η = πk Ω for any k ∈ Z gives via (2.6) a simple zero of (2.5).
Proof. Clearly simple zeroes of (2.6) are equivalent to simple zeroes of (2.5) when sin Ωη = 0. Next, we can write (2.6) as
. The Jacobian of (2.10) at its zero η 0 is
Hence any zero of (2.6) is simple if and only if it is generated by a simple root of (2.7). The proof is finished.
Next, (2.7) is asymptotically near at ±∞ to
11) where
M 11± = − ∞ −∞ 9γ 4a 2 sech 4 z 2 tanh 2 z 2 dz = − 6γ 5a 2 , M 21± = ∞ −∞ 9γ 4a 2 sech 4 z 2 tanh 2 z 2 dz = 6γ 5a 2 .
Equation (2.11) has roots
for either sign, then (2.12) and thus also (2.11) has infinitely many simple roots which gives large (in absolute value) simple roots of (2.7) with | cos Ωη| < 1, i.e. sin Ωη = 0. For such large η via (2.6), we obtain a simple zero of (2.5). Looking at (2.13), one can see that the inequality is never satisfied for the minus sign. Thus it is equivalent to γ | sinh Ωπ| < −5aΩ 2 π. (2.14)
Summarizing we obtain the following result.
Theorem 2.2. Let a < 0 and β = 0. Condition (2.14) is sufficient for the persistence of a homoclinic type solution in (2.1) for ε = 0 small.
Finally we do not study the case sin Ωη = 0 in more details, since then (2.9) must hold which is rather strong restriction on parameters occurring in (2.1). 
Case (b)
The equations of (2.2) possess heteroclinic solutions
So in the full space R 4 , the system (2.2) has hyperbolic equilibria
(2.15) The Melnikov integrals are 16) where N i1 are analytic functions with lim η→±∞ N i1 (η) = N i1± existing and N i2 are nonzero constants (see Appendix B). Now taking
so we can directly apply arguments of case (a) to derive the following result. Of course, instead of (2.7), now we have the function 
i.e., To illustrate the theoretical results obtained in the previous sections, we have solved the governing equations (1.3) numerically. The advance-delay equation (1.3) is solved using a pseudo-spectral method, i.e., we express the solutions U and V in the trigonometric polynomials
wherek = 2π/L and −L/2 < z < L/2. Substituting the series into (1.3) and requiring the representations to satisfy the equations at 2J collocation points, we obtain a system of algebraic equations for the Fourier coefficients A j , B j , C j and D j , j = 1, 2, . . . , J, which are then solved using Newton's method. Typically, we use L = 30π and J = 45. In the presence of coupling, using the experimentally relevant parameter values provided in [13] , in the following we take λ ′ M = −0.020, λ ′ E = −0.040, λ M = −0.040 and λ E = −0.120. First, we consider case (a) by taking a = −1 and β = 0. Shown in Fig. 2 is the bifurcation diagram of the localized solution (2.3) for two sets of coupling constants. The vertical axis is the norm defined as
By fixing the driving amplitude ε and varying the gain-loss coefficient γ, we obtain a fold bifurcation. In the figure, we also present the existence boundary, i.e., the fold bifurcation, predicted by our Melnikov function analysis, which is obtained as the following.
In Fig. 3 , we plot the function M of (2.7) for two different values of gain-loss parameter, i.e. γ = 0 and γ = 0.14/ε, with λ ′ M = −0.020/ε, λ ′ E = −0.040/ε, λ M = −0.040/ε, λ E = −0.120/ε. The division by ε is due to the scaling taken in transforming (1.3) into (2.1). When γ = 0, we see that the function has many roots. As γ increases, there is a critical value where all the roots become degenerate as shown in panel (b). In Fig. 2 , the critical value (multiplied by ε due to the scaling) is depicted as the vertical dashed line, which well predicts the numerical results. We also consider case (b) by taking a = 0 and β = −1. Shown in Fig. 4 are the bifurcation diagram and the solution profiles. Different from case (a) above, interestingly as the gain-loss coefficient γ varies we obtain a "snaking" profile in the bifurcation diagram, where there are many turning points. This phenomenon is now referred to as homoclinic snaking (see, e.g., [24] and references therein), as it involves homoclinic or heteroclinic structures. In our current case, along the bifurcation diagram, the distance between the kinks increases. The snaking profile appears because of the locking mechanism between the kinks mediated by the oscillating tail that acts as a periodic (i.e. lattice) potential. It is important to note that our Melnikov function (2.17) could predict well the right boundary of the snaking curve. The persistence of the homoclinic snaking as well as the stability of solutions along the bifurcation diagram are beyond the scope of the present paper and will be reported elsewhere.
Conclusion
We have investigated localized travelling waves in a chain of PT-symmetric nonlinear metamaterials with gain and loss. We have developed a Melnikov function analysis for detecting the persistence of such waves in the system. By considering two cases of nonlinearity, we compared the theoretical analysis and computational results, where good agreement is obtained. One of the considered cases admits localized waves with a bifurcating diagram exhibiting a "snaking" profile.
The existence and stability of periodic travelling waves (following and extending [25, 26] that dealt with only a single advance-delay differential equation), that may be more relevant from applications point of view than travelling localized waves considered herein that most likely are unstable, are addressed for future work.
